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Abstract
An exact evolution equation, the functional generalization of the Callan–Symanzik method, is given for the effective action of
QED where the electron mass is used to turn the quantum fluctuations on gradually. The usual renormalization group equations
are recovered in the leading order but no Landau pole appears.
 2002 Elsevier Science B.V.
1. Introduction
The idea of dimensional transmutation [1] is that a
dimensionless parameter is traded for a dimensionful
one. This replacement can be used to generate a renor-
malization flow where the field amplitude which is a
quantity related to the size of the quantum fluctuations
is evolved. These flows (“fluctuation flows”) prove to
be equivalent with the usual momentum flows at one-
loop order. This scheme is developed in this Letter for
QED by constructing the evolution of the one-particle
irreducible (1PI) generator functional where a mass
parameter controls the quantum fluctuations. We de-
rive an exact equation describing this evolution and
will recover the usual one-loop momentum flows. We
conclude with some observations on the connection
between the two renormalization schemes.
E-mail address: polonyi@fresnel.u-strasbg.fr (J. Polonyi).
The functional approach to renormalization group
started with the use of a ‘sharp cut-off’ k, i.e., the
elimination of the Fourier modes with |p| > k was
performed [2]. An infinitesimal change k → k + k
produces the renormalization group (RG) equation for
the Wilsonian, blocked action. This procedure has
been developed later [3], as well as other schemes
involving a ‘smooth cut-off’, i.e., where the Fourier
modes are suppressed by means of a smooth, regulated
version of the step-function and the evolution of the
effective action is sought [4,5]. The work presented
here, although being quite different from a formal
point of view, is actually motivated by the smooth cut-
off scheme for the evolution of the effective action.
The difference compared to that method is that the
suppression depends on the amplitude rather than the
characteristic wave-length of the modes. This method
has been developed for a scalar model [6] where the
usual RG equations were recovered in the U.V. regime,
i.e., where the mass is close to the cut-off. Finally, the
same functional method was also used in QED with an
0370-2693/02  2002 Elsevier Science B.V.
PII: S0370-2693(02)0 14 82 -X
Open access under CC BY license.
Open access under CC BY license.
J. Alexandre et al. / Physics Letters B 531 (2002) 316–320 317
external field [7] where the evolution of the generator
functional of the one-particle irreducible (1PI) graphs
with the amplitude of the external field led to the
dependence of the 1PI graphs on the external gauge.
2. Evolution equation
We start with the following bare Lagrangian in
dimension d = 4− ε
L= 1
2e2µε
Aµ✷(T µν + αLµν)Aν
(1)+ Ψ (i/∂ − /A− zm0)Ψ,
where T µν and Lµν are, respectively, the transverse
and longitudinal projectors in the inverse photon
propagator, and the gauge parameter α characterizes
the gauge fixing. The parameter z is introduced to
control the amplitude of the fluctuations. For z 1 the
theory is dominated by a free mass term contribution
and is perturbative. As z decreases the interaction with
the gauge field becomes more important and quantum
corrections increase in amplitude. Our aim is to study
the evolution in z of the generator functional Γz of the
1PI diagrams, the effective action. The functional Wz
of the connected diagrams is given by
expWz
[
η¯, η, jµ
]
=
∫
D[Ψ ,Ψ,Aµ]
(2)× exp
{
i
∫
x
L+ i
∫
x
(
jµAµ + η¯Ψ + Ψη
)}
,
and has the following functional derivatives
δ
δη¯
W = i〈Ψ 〉 = iψ,
W
←−
δ
δη
= i〈Ψ 〉 = iψ¯,
(3)δ
δjµ
W = i〈Aµ〉= iAµ.
The effective action Γz[ψ¯,ψ,Aµ] is defined as the
Legendre transform of Wz,
(4)Wz = iΓz + i
∫
x
(
jµAµ + η¯ψ + ψ¯η
)
,
and has the following functional derivatives
(5)
δ
δψ¯
Γ =−η, Γ
←−
δ
δψ
=−η¯, δ
δAµ
Γ =−jµ.
The functional manipulations which lead to the evolu-
tion of Γz are the same as those discussed in [7]: we
first remark that the derivatives (3) and (5) of the func-
tionals Wz and Γz with respect to their variables imply
that
∂zΓ =−i∂zW =
〈
−m0
∫
x
ΨΨ
〉
(6)=−m0
∫
x
ψ¯ψ −m0
∫
x
δ
δη¯
W
←−
δ
δη
.
Then the relation
(7)δ
δψ¯
Γ
←−
δ
δψ
=−i
(
δ
δη¯
W
←−
δ
δη
)−1
leads us to the final equation for the generator func-
tional of the 1PI graphs,
(8)∂zΓz +m0
∫
x
ψ¯ψ = im0 Tr
{(
δΓ
←−
δ
δψ¯δψ
)−1}
,
where ‘Tr’ denotes the trace over spacetime and Dirac
indices. The inverse matrix δ2Γ −1 has to be taken
with respect to the field variables, spacetime and Dirac
indices. We stress that Eq. (8) is exact and does not
make reference to any truncation of any sort. Note
the similarity between Eq. (8) and other RG equations
[5]. This similarity reflects the qualitative agreement
between the usual momentum flows and our method,
as we will discuss at the end of this Letter.
3. Gradient expansion
In order to find an approximate solution of the
evolution equation, we make an expansion in the
amplitude and the gradient of the fields and use the
ansatz
Γz[ψ¯,ψ,Aµ]
=
∫
x
[
Aµ(x)D−1µνAν(x)+ ψ¯(x)G−1ψ(x)
(9)−Z(z)ψ¯(x)/A(x)ψ(x)],
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where the photon and fermion propagators are
D−1µν(p)= βT (z)
e2µε
p2T µν(p)+ αβL(z)
e2µε
p2Lµν(p),
(10)G−1(p)=Z(z)/p−m(z)− zm0,
with
T µν(p)= gµν −pµpν/p2
and
Lµν(p)= pµpν/p2.
The evolution of βT (z), βL(z), Z(z) and m(z) are
obtained by expanding both sides of Eq. (8) in powers
of the gauge field and by identifying the operators on
the left- and right-hand sides. For this end we need the
inverse of the matrix Γ (2)
(11)Γ (2) =


δΓ
←−
δ
δψ¯δψ
δ2Γ
δψ¯δψ¯
δ2Γ
δAµδψ¯
Γ
←−
δ 2
δψδψ
δΓ
←−
δ
δψδψ¯
δΓ
←−
δ
δAµδψ
δΓ
←−
δ
δψδAµ
δ2Γ
δψ¯δAµ
δ2Γ
δAµδAν

 ,
which will be obtained by expanding in the diagonal
part Γ (2) in momentum space,(
Γ (2)
)−1 = (Γ (2) )−1 − (Γ (2) )−1Γ (2)nd (Γ (2) )−1
+ (Γ (2) )−1Γ (2)nd (Γ (2) )−1Γ (2)nd (Γ (2) )−1
− (Γ (2) )−1Γ (2)nd (Γ (2) )−1
(12)
× Γ (2)nd
(
Γ
(2)

)−1
Γ
(2)
nd
(
Γ
(2)

)−1 + · · · ,
where Γ (2)nd = Γ (2) − Γ (2) . We obtain in this manner
the result(
δΓ
←−
δ
δψ¯δψ
)−1
= G + G(−c+ cGc− cGcGc
+ aµDµνb˜ν − aµDµνb˜νGc
(13)− cGaµDµνb˜ν
)G + · · · ,
where
aµ(p,q)=−Z(z)γ µψ(−p − q),
bν(p, q)= ψ¯(−p− q)Z(z)γ ν,
(14)c(p, q)=−Z(z)/A(−p− q),
and the tilde stands for the transposed in momentum
and spinor spaces. The evolution equations read finally
as
∂zD−1µν(p)
=−2im0Z2(z)
∫
q
tr
{G2(q)γ µG(p+ q)γ ν},
∂zG−1(p)+m0
=−im0Z2(z)
∫
q
Dµν(q − p)γ µG2(q)γ ν,
∂zZ(z)γ
µ
(15)=−2m0Z3(z)
∫
q
Dκν(q)γ νG2(q)γ µG(q)γ κ.
The following remarks are important:
• The photon does not acquire a mass in the evolu-
tion in z and the IR divergences are the usual ones.
• The longitudinal part of the photon propagator
does not evolve with z. Accordingly, the fluctu-
ations do not generate longitudinal contributions
to photons.
Furthermore a technical point, it is the evolution equa-
tion of the fermion mass only which needs regulator,
the other equations are divergence-free with the given
effective action ansatz.
To compare this result with the traditional method
based on the loop-expansion, note that the change
zm0 → (z+ δz)m0 of the bare electron mass changes
the fermion propagator as G→ G+Gδzm0G in the in-
ternal lines of the Feynman graphs. This observation,
the starting point of the Callan–Symanzik method is
sufficient to realize that the evolution equations (15)
can obviously be written as
∂zD−1µν(p)
=−i∂z
∫
q
tr
{G(q)γ µG(p+ q)γ ν}+O(h¯2),
∂zG−1(p)+m0
=−i∂z
∫
q
Dµν(q − p)γ µG(q)γ ν +O
(
h¯2
)
,
∂zZγ
µ
(16)=−∂z
∫
q
Dκν(q)γ νG(q)γ µG(q)γ κ +O
(
h¯2
)
,
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whose integrals give immediately
D−1µν(p)
=D−1µνtree (p)− i
∫
q
tr
{G(q)γ µG(p+ q)γ ν}
+O(h¯2),
G−1(p)
= G−1tree(p)− i
∫
q
Dµν(q − p)γ µG(q)γ ν +O
(
h¯2
)
,
Zγ µ
=Ztreeγ µ −
∫
q
Dκν(q)γ νG(q)γ µG(q)γ κ
(17)+O(h¯2),
the usual one-loop corrections to the 1PI functions
appearing in the ansatz (9).
4. Beta functions
The computation of the integrals is straightforward
and leads to the following result,
β ′L(z)= 0,
β ′T (z)=
e2µε
6π2
m0
zm0 +m(z) ,
Z′(z)= e
2µε
8π2α
Z(z)m0
zm0 +m(z),
(18)m′(z)=− m0
8π2
e2µε
ε
(
3
βT (z)
+ 1
α
)
+ finite,
where the prime denotes a derivative with respect to z.
In what follows, we will keep the bare theory and
ε = 0. We define m(z) = m0φ(z) and write β(z) =
βT (z), such that Eq. (18) read
φ′(z)=− e
2µε
8π2ε
(
3
β(z)
+ 1
α
)
,
β ′(z)= e
2µε
6π2
1
z+ φ(z) ,
(19)Z′(z)= e
2µε
8π2α
Z(z)
z+ φ(z) .
In order to compare these scaling laws with the
one-loop result, we look at the situation of weak
fluctuations where the fermion mass term is dominant
in the bare action, i.e., where z is close to some initial
value z0  1 and the parameter m(z) is close to zero.
In this regime we have z + φ(z)  z and Z(z) 
β(z) 1. This approximation is equivalent to keeping
in Eqs. (19) the terms of the order e2 only:
φ′(z)− e
2µε
2π2ε
,
zβ ′(z) e
2µε
6π2
,
(20)zZ′(z) e
2µε
8π2
in the Feynman gauge (α = 1). We see that if we make
the identification z/z0 = µ0/µ, where µ0 is some IR
scale smaller than µ, we find the well-known one-loop
results [8], since we have then z∂z =−µ∂µ (a decrease
of z starting from z0 is equivalent to an increase of
µ starting from µ0). One can understand this by not-
ing that the decrease zm0 → (z + δz)m0 of the elec-
tron mass influences mainly the propagation with mo-
mentum p ≈ zm0. In such a manner the modes whose
dynamics is included in the effective action as z de-
creases (dz < 0) are approximately those which are in-
cluded in the traditional RG step when the momentum
scale of the cut-off is increased from p = (z+ δz)m0
to p = zm0. This picture is lost for 1PI graphs contain-
ing two or more loops since the momenta of the inter-
nal loops appear as another scale which modifies the
effect of the changing regulator parameters in a more
complicated way. In this case our scheme will be dif-
ferent from the usual one, reflecting the different orga-
nization of the gradient and loop expansions.
5. Landau pole
It is interesting to note that the integration of
Eq. (20),
(21)β(z) 1+ e
2
6π2
ln(z/z0)
reproduces the well-known one-loop value of the
Landau-pole,
(22)z
z0
= µ0
µ
= exp
(
−6π
2
e2
)
.
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But the essential difference is that while the traditional
Landau-pole is obstructing the further increase of the
UV cut-off, the pole in the present scheme prevents us
to further decrease the bare mass and indicates some
problem with large amplitude quantum fluctuations.
Since the initial condition of our evolution equation is
already an effective potential corresponding to the reg-
ulated theory with a fixed cut-off, the UV Landau pole
cannot be seen in our scheme. In both cases the pole
reflects the problem that the loop corrections dominate
the tree-level part of the effective action when ‘too
many’ modes are treated in the one-loop approxima-
tions.
But this similarity is an artifact of the autonomous
solution of the truncated equation (20). Instead one
should allow the other parameters, at least the fermion
mass, to run as well. For this end we write the
evolution equation of β as
(23)1
β ′(z)
= 6π
2
e2µε
(
z+ φ(z)),
which gives
(24)β
′′(z)
β ′(z)
=
(
3
4αε
− 6π
2
e2µε
)
β ′(z)+ 9
4ε
β ′(z)
β(z)
,
after using the first equation of (19). It is easy to
integrate this equation and find by means of (19) again:
β(z)=
(
z0 + φ(z0)
z+ φ(z)
)4ε/9
(25)× exp
{
1− β(z)
3
(
1
α
− 8π
2ε
e2µε
)}
.
It should be noted that we cannot naïvely take the
limit ε → 0 in the expression (25) since φ(z) is
then diverging. This equation shows that β(z) is non-
vanishing for any value of z and therefore this pole is
actually avoided by the evolution of the fermion mass
and there is no problem to reconstruct the physical
theory at z = 0. It is remarkable that the mechanism
by which this happens, a running fermion mass, is
actually the same how the Landau pole is claimed to
be avoided in lattice QED by spontaneous symmetry
breakdown of the chiral symmetry [9].
6. Conclusion
To conclude, we stress the analogies between the
momentum dependence traced by the usual renormal-
ization procedures and the dependence on the ampli-
tude of quantum fluctuations. We showed that the lead-
ing order scaling law corresponding to small ampli-
tudes (i) agrees with the traditional scaling law of the
U.V. regime and (ii) is independent of the choice of
the gauge as shown by Eqs. (17). The present work
is the first step towards an extension of the renormal-
ization scheme based on the field amplitude for non-
Abelian gauge theories where a suitable gradient ex-
pansion should provide us with a deeper insight into
the dynamics of the I.R. regime.
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